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Based on the Mehler heat kernel of the Schrodinger operator for a free electron in a 
constant magnetic field an estimate for the kernel of Ea = |q:(p — eA) + /3m | is derived, 
where Ea represents the kinetic energy of a Dirac electron within the pseudorelativistic 
no-pair Brown-Ravenhall model. This estimate is used to provide the bottom of the 
essential spectrum for the two-particle Brown-Ravenhall operator, describing the motion 
of the electrons in a central Coulomb field and a constant magnetic field, if the central 
charge is restricted to Z < 86. 
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1. Introduction 

Consider two relativistic electrons of mass m in an electromagnetic field which 
is generated by a point nucleus of charge Z fixed at the origin, and by a vector 
potential A. 

The two-particle Coulomb-Dirac operator, introduced by Sucher [26] and 
accounting for a magnetic field is defined by 

^2 = E {^A + V^"^) + P+,2 V^''^ P+,2 (1.1) 
k=l 

of := a(^) (pfc - eA(xfc)) + /3«m, fc = 1, 2, 

where P+,2 projects onto the positive spectral subspace of ^^.^]^(Z)^'' -VV^^''). The 
underlying Hilbert space is A{L2{^^) where A denotes antisymmetrization 

with respect to electron exchange. The single-particle and two-particle potentials 
are, respectively, 

Xk |xi-X2| 

where the field strength 7 = Ze^ and w 1/137.04 the fine structure constant. 
Xk — |xfc| is the modulus of the spatial coordinate of electron fc, fc = 1,2. 
The momentum of electron fc is denoted by p^, and /?, ol = (ai, Q!2, 0:3) and 
<T =^ (di, 172, (73 ) are the Dirac and Pauli matrices, respectively. 

Due to the positron degrees of freedom the spectrum of the Coulomb-Dirac 
operator is unbounded from below. In spectroscopic studies of static ions where 
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pair creation plays no role one can instead work with a semibounded operator, 
derived from H2, which solely describes the electronic states. One of the current 
techniques to construct such an operator is by means of a (unitary) Morse- Feshbach 
transformation scheme (see e.g. [El [6j [71 [T^ ) which aims at decoupling the positive 
and negative spectral subspaces of the electron. For A 7^ it is thereby crucial |THj 
to include the vector potential in the definition of these subspaces. A decoupling 
of the spectral subspaces up to second order in is provided in '14]. 

The first-order transformation leads to the Brown-Ravenhall operator [TH] 
2 

= E ^^+.2 (^A ^ + ^^'^) Aa+,2 + 1^(12) A^+_2 (1.3) 

fe=i 

if the domain is restricted to the positive magnetic spectral subspace 'Ha+.2 '■= 
Aa+,2{A{Hi{M?) (g) C'*)^) of the two electrons where Hi{n^) (g) is the domain 

(k) 

of D\ . The projectors are defined by 

eI^^ := \Df\ = y^(pfc - eA(xfc))2 - e^WB(xfc) + > m (1.4) 

and B = V X A is the magnetic field. We note that the gauge invariance of the 
transformed operator is preserved jl9j . 

If the field energy Ef — ^ B'^{x)dx is added to H2, positivity of the 
Brown-Ravenhall operator can be established. This relies on the condition ||i3|| < 
00 to render Ej finite, which excludes constant magnetic fields. Licb, Sicdentop 
and Solovej [18] have proven positivity (i.e. stability) for the /C-nuclei iV-electron 
Brown-Ravenhall operator, in case of Z < 56. In the present context Ef can be 
disregarded, keeping in mind that it just leads to a global shift of the spectrum. 

The aim of the present work is to provide the HVZ theorem for ff^^ which 
localizes the bottom of the essential spectrum [TT] [2H1 [21] ■ This theorem was 
proven for the multiparticle Brown-Ravenhall operator describing electrons in the 
Coulomb potential of subcritical charge {Z < 124), but with A = [HI [52]. The 
method of proof, which we also will adopt here, is based on the work of Lewis, 
Siedentop and Vugalter [T7| for the HVZ theorem concerning the scalar pseudo- 
relativistic multiparticle (Herbst-type) Hamiltonian. 

The main difference to the field-free case results from the kinetic energy 
being described by an integral operator (instead of a multiplication operator in 
momentum space). In order to carry out the necessary computations an estimate 
of its kernel is needed. If we restrict ourselves to constant magnetic fields we can 
profit from the relation to the heat kernel of the Schrodinger operator which has 
been studied extensively ( [2 HH HH [S] and references therein). 

Before we prove the HVZ theorem (in sections 5 and 6), 

Theorem 1 (HVZ theorem). Let he the two-electron Brown-Ravenhall op- 

erator from il.3\) where 'B is a constant magnetic field and where the Coulomb 
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potential strength is restricted to "f < jc = 0.629 {Z < 86). Then its essential 
spectrum is given by 

a.ssiHi"^) = [So,c») (1.5) 

where Sq is the ground state energy of the one- electron ion, increased by the rest 
mass of the second electron, 

we provide the relative form boundedness of the potential of with respect 

to the kinetic energy operator (which requires the restriction 7 < 7c; section 2). 
For handling the IMS-type localization formula [5, p. 28], entering into the proof 
of the HVZ theorem, we found it convenient to work in a representation of the 
Brown-Ravenhall operator which invokes the Foldy-Wouthuysen transformation 
Uq instead of the projectors A^^+ (section 3). In section 4 we establish the necessary 
estimates for the kernels of Ea and Uq as well as for their commutators with some 
simple scaling functions. 

We call an operator O -^-bounded if O is bounded by c/i? with some constant 
c and R> 1. 

2. Relative form boundedness of the electric potential 

For iP+ e we have d'-^^iP+ = -E^ V+- Therefore, EA^tot ■= e'x^ + E^^^ 

can be identified with the kinetic energy operator. We require A £ i2,ioc(R'^) [2] 
which guarantees the essential self-adjointness of e'^\ k — 1,2 [1 1) . Moreover, 
we use the gauge V • A = 0. 

Lemma 1. The Brown-Ravenhall operator for A e i2,ioc(IR'^) is well-defined 
in the form sense on AA+.2i^iE[i/2(M^) (8) C*)^) and is bounded from below for 
7 < 7c = 0.629. 

thus extends to a self-adjoint operator for 7 < 7c by means of the 
Friedrichs extension. 

Proof. In order to show the relative form boundedness of the potential with respect 
to EA,tot let us assume that B is bounded, ||i?||cx) '■— Bq < 00. 

For the two-particle potential we have the estimate |3J for -0 € A{Hi/2{^'^) <8) 
C'')^, using Kato's inequality, 

(^,^(12)^) < £^(V.,pi^) < ^ {tP,^pl+pl + 2m^ (2.1) 

Furthermore we employ the diamagnetic inequality (|12j. see also [2] and ref- 
erences therein) which holds in arbitrary dimension. Defining S^^'^ ;= [(pfc - 
eA(xfc))^ -I- m^]5, it can for N particles be written in the following way [2], 
KELi sf^)-''^^\ < {ELiPI + Nm^)-^/^ \i^\,n = 1,2,4, ... . Upon multipli- 
cation with some function / > satisfying ||/(xi, ...,xjv)(X]fcLiPfc+^'^^)^^''"ll — 
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Cn we obtain 



/ 



1 



< 



f 



< cl M'. (2.2) 



AT 



Let us choose iV = 2, n = 4, /(xi, xa) = e Ixi-xal^^/^ ^nd V' = ( E 5'^''^^)^/^+ 



fc=i 



Then ([2?2ll turns into 

< ^(^+,(E5r)^/'v.+) < ^(^+,E^A^V'+) (2.3) 
fc=i fe=i 

with the constant from (HH). Using 5'^''^^ = E^^^^ +e(T^'''>B{xk) and |(T('=)B(xfc)| = 
B{xk) < Bo we estimate the r.h.s. of (I2.3P further such that 

(2.4) 



(k) 

The relative E)^ -form boundedness of the smgle-particle potential was shown in 



|(^+,yWV^+)| < 7| {i^+,Efij+) + 7| (eSo)^ IIV'+II 



(2.5) 



for k = 1,2. Therefore, we have 



|(^+,(fW + \/(2)^^(i2))^^)| < + (V.+ ,i?A,tot^+) + Ci(5o)|lV'+lP 



(2.6) 



with Ci(i3o) = 7r(7 + e^)(ei?o)^^^ and form bound smaller than one for 7 < 7c 
I - « 0.629. The lower bound -Ci{Bo) of H^", derived from ([21]), decreases 
with increasing magnetic field strength. □ 

3. Alternative representation of H^^ and the heat kernel of E'\ 

Following our strategy in the field-free case [15j we use a representation of the 
Brown-Ravenhall operator where its single-particle contributions do not depend 
on the coordinate of the second particle. We note that any tp^ G T-Ca+,2 can be 
represented in terms of a single-particle Foldy-Wouthuysen transformation Uq [5] 
(we will drop the superscript (fc) throughout when referring to the single-particle 
case), 

a{p — eA) ' 



Uo 



1 



Ea+ m 
1 

Ea + 
2Ea 



(3.1) 



This operator has the advantage of being unitary and hence norm preserving (in 
contrast to the projector A^.+). We have [T3] 



(3.2) 
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where the inverse (C/q)"^ follows from (|3.ip if (3 is replaced by — /? and where 
u € A{Hi{R^) (g) C^)^. Since ^(1 + Z?'*^-') projects onto the upper components of 
the spinor associated with particle k one may without restriction assume that the 
lower components of u are zero (and omit + fc=l,2). Thus, from fOl), 
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(3.3) 

Using U^'^^d''^^ (C^o'^V^ = ^6] the kinetic energy contribution to (lO) 

can be simplified to 

in, C/(%(^) < (L^o^%f u) = (u,iJ« (3.4) 
Therefore we can identify 

= E(4" + u^t^'v^'^Hu^tY') + u^'^u^'W^'^Hu^'^u^'Y' (3.5) 

fe=l 

keeping in mind that its quadratic form has to be taken with spinors of vanishing 
lower components. 

The defining equation (|1.4p for Ea reveals the close connection between Ej^ 
and the Schrodinger operator Hg := (p — eA)^ for a free electron in a magnetic 
field. 

Let us now restrict ourselves to a constant magnetic field, B = Bo, and 
choose the ea-direction along Bq. Using the gauge V • A = we take 

A(x) = i (Bo X x) = i So (-X2,xi,0). (3.6) 

Then the difference between the two operators Ej^ and Hg is a constant in space. 
This allows us to adopt the properties of Hg . For a B-field with constant direction 
the Schrodinger operator Hs = pi, + {pi — eAiY + {p2 — 6^2)^ separates, and the 
magnetic field problem reduces to two dimensions. 

Let us denote by ©(x, x') for x, x' g the kernel of an integral operator O. 
For constant B = Bq the (Mehler) heat kernel of iJ^, i.e. the kernel of e^*^% is 
known explicitly (see e.g. [2], [21 p.l68],[2I]), 

e-«-ff=(x x') = — e^o ^-,iEo(^,^'^-^^^'^) 

{ATTt)i 47rsinh(eBoi) 



. e-(^3-^3)V(4t) coth(ei3o«) [{xi-x[f + {x2~x'2f] ^3 7^ 

where t > is the semigroup parametei0. Since Hs is essentially self-adjoint on 
C^(]R'^), its heat kernel satisfies the symmetry property e~*^=(x, x') = 
e-*^=(x',x)*. 



"'^Note that the phase in 1)3. 7p differs in sign from the one given by Loss and Thaller [21) 
because they consider Hs = (p + eA)^ in place of Hg. 
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The heat kernel of i?^ follows from 

e-*-^^(x,x') ^ e-*"%*'='^^« e~*-^=(x,x'). (3.8) 

For the subsequent estimates we need a series of inequalities for the hyperbolic 
functions, 

zcothz < 1 + z and sinhz > z for z > 0, (3-9) 

z cothz > 1, f ^ < l + 2z. 
sinh z 

It is well known (see e.g. [MJ p. 35]) that, using (|3.9p . e^*^" (x, x') can be estimated 
from above by the heat kernel of the free Schrodinger operator, 

|e-*^=(x,x')| < e-(^-^')'/(4*) = e-*P'(x,x'). (3.10) 

(47rt)2 

For (|3.8p . a less restrictive estimate of the prefactor is required, since |e*'^'^-^o| < 
g|te<TBo| ^ gteBo_ Using the last inequality of ([3^ we have 



e 



-tEi 



(x,x') < e-*"' ^ (1 + 2eBot) e-(^-^')'/4* (3.11) 

(47rt)* 

and note in passing that for m the r.h.s. of p. lip can be further estimated by 
c(Bo)e-*f'(x,x'). 

4. Estimate of the kernels of Ea and Uq and their commutators 

Again we consider only the single-particle case and suppress the superscript 
(fc). We have 

Lemma 2. For a magnetic field generated by the vector potential 13. 6\} the kernel 
of the kinetic energy Ea can be estimated by 

\EA{^y)\ < (4.1) 

|x — x'p 

where the constant C{Bq) increases quadratically with the field strength Bq. We 
even have for some < e < m, 



\EaM\ < ^(^e-(— )l— 'I. 



(4.2) 



We remark that Frank, Lieb and Seiringer [9] have derived a (|4.ip -tvpe es- 
timate for the scalar pseudorelativistic Hamiltonian (where Ea is replaced by 
|p — eA| with A G L2.ioc{^'^)) in the context of the localization formula, with a 
constant C independent of the magnetic field. 



Proof. We use the integral representation [2] 

e-*^-* (4.3) 



1 I f°° dt 



Ea Jo Vt 
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to write 

Ea = 



lim 



1 - e 



-tEi 



tEA 



lim 



7^ 



(4.4) 



Since for t > 0, e^*'^-* (x, x') is analytic in t (see p.Sp with p.7p ) we can expand 
e~(*+'^)^/i (x, x') in powers of t for small Using the Taylor formula, f{t + t) — 
J{t) + tf'{T) + 0{t'^) we need the derivative 



-TEi 



(x, x') < —eBoCoth{eBoT) — — 



2t 



ecrBo 



4t2 



4 sinh^(eBoT) 



(4.5) 



An estimate of the derivative of the heat kernel of E\ for a wide class of smooth 
vector potentials is provided by Ueki [2T. However, due to the presence of the 
ecrB-tcrm in E\ the given estimate increases exponentially for t oo and cannot 
be used in the present context. 

In order to get an estimate for the kernel of Ea we employ further the esti- 
mates p.9p and p. lip (as well as the triangle inequality). This leads to 



< 



|i?A(x,x')| = 



dT 



-1 



°° dT_ 



dT 



-(x-x')V(4r) J _±_ 

2t 



(x,x') 



5eBo 



m 



+ ^ (x - x')' + A - + + 2e5o) 2eBoT 
It 4r^ 



(4.6) 



Performing the integrals with the help of Appendix A, we get, setting z' := x' — x. 



|i^A(x,x')| < 



1 

2^ 



+ Ko{mz') 



Ki{mz') 



14m 2rn"^ + ImeBo 



2eBQ (m^ + cBq) 



(4.7) 



According to the behaviour of the modified Bessel functions K^, (see Appendix A) , 
the function in curly brackets diverges like 1/ z ^ for z' — > and decreases (for m ^ 
0) like e~™^ /z for z' ^ oo. Based on the continuity of this function for z' G K+ 
one gets the estimate |i?^(x, x')| < where cq increases quadratically with 

Bo- 

From the less restrictive estimate \Ea{x,x')\ < ^^^^ (1 + z ^/^) e~™^ one 
obtains an exponential decay for < e < m (since z "e"*^^ is bounded for any 
ly > 0), which proves □ 



For the bounded operator Uq the singularity of the kernel is weaker. 
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Lemma 3. For a constant magnetic field and < e < m the kernel of the Foldy- 
Wouthuysen transformation Uq can be estimated by 

|[/o(x,x')| < ^(^e-("-^)l---'l, (4.8) 
|x X I 

where c{Bq) increases quadratically with the strength Bq of the magnetic field. 
Proof. From the definition (13.11) we have Uq = Ae + -4= "(p^*^^) and we 

^ ^ ^ V2 ^EA{EA+rn) 

estimate the kernels of the two summands separately. 
Concerning the second summand, ()4.3p leads to 

1 1 r dt' r dr ^__^_(,+,,)^^^ ^^ g^ 



^/E^^Ea + m TT Jo Jo Vt 

Abbreviating t := t + t' we make use of the integral representation [5] 

e-*^- ^ ^ r ^ e-^' e-(*V4r')i=;i_ (4^^^) 
V"' Jo Vt' 

Thus 

"^^^'^^ (x,x') = \r^ r^e— (4.11) 



Vt'Jo Vr 

■ J ^ e-^' (-zaVx - aeA) e-^'"l^-')^\ (x, x'). 
For the derivative we have from (j3.8p with p.7p 

-iaVxe-*-f^=(x,x') = | ^ as (2^3 - 2:3) + i ^ coth(eBoi) 

• [ai(xi - x'l) + a2(x2 - 0:2)] ^ [aia;2 - a22^i] ^ e~*-^=(x,x') (4.12) 

and further 

eB 

- aeA e"*'^=(x,x') = ^ (aia;2 - a2a;i) e~*-f^= (x, x') (4.13) 

which have to be inserted into (|4.1ip . 

In the following we make use of some relations. From = 1, a1 = 1, i = 
1,2,3, and a^afc = — a^ai for i ^ k we have |ai(a;i — x'l) + 02(0:2 — x'2)\ = 
{x\ ~ x'lY + {x2 — x'^'^. Moreover, employing |/3| = 1, (13. 9p and ()3.1ip we obtain 

1 , ,, /"^ dt' /"^ dr „„ 1 



a(p-eA) 

= (x,x ) 



< -T Ix-x'l / / — e-™- 



9 



The dr'-integral can be evaluated with the help of (jA.ip . resulting in 



dr' ■■ 



3 K^jmQ 



■ eBom' 



(4.15) 

where ^ := i/t^ + (x — x')^. For the further estimate we note that the modified 
Bessel functions are monotonously decreasing in (0,oo), as are the inverse 
powers of ^. Therefore, (|4.15p is estimated from above if ^ is replaced by y :— 
y/r'^ + 1"^ + (x — x')2 < ^. With the additional estimate e"'^™ < 1 the integrand 
is symmetric in r and t' such that f^/t^ = r + t' can be replaced by 2t' . With these 
manipulations the dr- integral can be evaluated analytically by (|A.2p . The result 
is, defining := t ^ + (x — x')^, 



a(p — eA) 



(x,x') 



< 



x'l rdt'Vf'-:^ 

Jo mi 



Kii (ma) 



+ - eBom' 



K7_(ma) ^ [eBof K3{ma) 



Applying again (IA.2P for the remaining integral turns the r.h.s. of (|4.16p into 



(4.16) 



V2 
^1 



if2(m|x-x'|) 



(eSo) 



X — X' 

2 



— eBom Ki{m\x. — x'| 



x-x'|ifo("i|x-x'|)| 



(4.17) 



Following the argumentation below (|4.7p one obtains the result 

I "(P-'^A) . ^ ci(Bol -(m-e)ix-x'i ft is showu in Appendix C that the 

kernel of A^; obeys the same estimate. Thus 



|C/o(x,x')| < 



x - x' 



'13 



-(m — e)|x— x'l 



ciBo) 



^1 



ci(Bo) 



which completes the proof. 



(4.18) 
□ 



We remark that with the tools from the proof of Lemma [3] it is straightfor- 
ward to show that a (|4.8p -tvpc estimate holds also for the kernel of the projector, 



|Aa,+(x,x')| < i<5(x-x') + ^^e-("-^)l''-'''l. 

Let us now turn to the estimates of the commutators which are needed in 
the context of the proof of the HVZ theorem. In part they are based on a lemma 
(with its corollary), proven in [15, section 8]. 



Lemma 4. Let O be a single-particle operator the kernel of which satisfies 



|0(x,x')| < 



_ca_ 



|x-x'|3 



with some constant Cq. Let go G C° 



(or go G 



n 
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C^(]R'^\{0}) and go{0) = 0) be a real function ofx. and let its derivative be bounded. 
Then for if e Cjf (R^) ^ and ip e 



|(^, [0,go]-^)\ < cm M (4.19) 

X 

with a constant c (depending on cq) where [0,50] ■= Cffo ~ SoO- 

If g is a function ofx/R, where R> \ is a scaling parameter, but otherwise 
with the same properties as go then 

\{^,[0,9]-^)\ < lll^llll^ll. (4.20) 
X R 

Corollary 1. Let g and go be as in Lemma\^ with x := Xi — X2 or x = (xi, X2) G 
(i.e. 5,50 e C°°(R^)). Then one has 

I ^ 1 [O,go]v)\ < c\m M\ (4.21) 

|xi — X2I 

and 

KV', , \ | [g,g]y)l < I ll^ll ll'^ll- (4.22) 

|xi — X2I n 

Note that an operator and its adjoint have the same bound. 

Since according to Lemma [3] the operator Uo satisfies |[/o(x, x')| < j^^^pp-, 
we can apply Lemma |4] with a suitable function g to obtain the commutator 
estimate (with a generic constant c), 

\i^,[Uo,9]-^)\ < ^ IIV-ll (4.23) 
X R 

We note that the same estimate is valid if Uo is replaced by its inverse (f/p)"^- 
Also the other three estimates, (I4.19p . (|4.2ip and (|4.22p hold for the operators Uo 
and (Uo)-^. 

It is more involved to obtain a commutator estimate for the kinetic energy 
operator, because the singularity of its kernel is of the fourth power of |x — x'|^^. 

Lemma 5. Let g £ C°°(R^) be a real function of yi/R with bounded first and 
second derivative and a scaling parameter R > 1. Then its commutator with the 
kinetic energy operator Ea (for a constant magnetic field) satisfies 

\\[EA,g]^\\ < ^ (4.24) 

for ip € C^(R^)(8)C^, WfW = 1, where the constant c depends on the field strength 
Bo- 

Proof. We have 

([i?^,5]^)(x) = £^dx'i?^(x,x')|.9(^) - .9(1)} ^(x'). (4.25) 
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Let us define lui := X2, 



UJ2 ■ = 



-^xi, W3 and E%=°{x' - x) by means 



of Ea{'x.,^') = E'^~'^{x' — x)e*"'^^ where E'^~^ is an even function and where 
we have used that wx' = u;(x' — x). 



We aim at isolating the leading singularity of E"^"" at x' 



X. With 



(4.26) 



and (|4.5|) the integrand is analytic in x' — x and in t for r > 0. Therefore, 
the singular behaviour of in x' — x = (which results from the factor 

/r", n > 1) is found from an expansion of the integrand near t — 0. 
Setting z' := x' — x one obtains for the leading term — „ I i e^^ ^Z'*'^ | ^ — 4- 
Performing the r-integral over a small interval (0, e) one thus gets 



-(x'-x)^/4t 



ET" 



Therefore we decompose 



for z' 0. 



(4.27) 



Er°{z') + 



(4.28) 



In order to check the boundedness of an operator O the kernel of which can 
be estimated by a positive function k, viz. [©(x, x')| < fc(x, x'), the Lieb and 
Yau formula can be applied. This formula is related to the Schur test for the 
boundedness of integral operators and tells us that O is bounded if the following 
estimates hold for k, 



/(x) J dx' k{x,x') 



/(^') 



< C 



J(x') := /dxA:(x,x'; 



< C 



(4.29) 



for all X e M'^ and x' e M.^, respectively, where /> for a; > is a suitable 
convergence generating function and C some constant. 

We will apply this formula to the contribution to (|4.25D which arises from 
insertion of the first term of (|4.28p . For the function g E C°°(M'^) we can apply 
the mean value theorem to get 



R 



(Vt5)( 



R' 



^ Co , 



(4.30) 



with some constant cq for ^ on the line between x and x'. Then we obtain for the 
integral / (which is identical to J for the choice / = 1), 



7(x) = 



dx' 



ET"{z') + 



12 



< / cLt! 



< (4.31) 



— m - ' 

Since |i?^^'^(z') + \2^ji I behaves like near z' = 0, is analytic for z' > and 
decays exponentially at infinity (see (|4.2p ). the integral /(x) is finite and its bound 
is independent of x. 

In order to treat the second contribution to Ea{z') we need the Taylor ex- 
pansion of g up to second order. We use the notation g{x/R) —: 5fl(x). Then 

1 ^ 

gij(x')-.9«(x) = (x'-x) VffflXx) + 2 E K~Xk)ix'i~xi) VfcV,5fl(|) (4.32) 

k,l=l 

with ^ on the line between x and x'. 

The insertion of the second term of (|4.28p together with the second-order 
term of (|4.32|) into (|4.25p provides the kernel of a bounded operator (with bound 
-^) according to the Schur test (again with f — 1). The argumentation is the 
same as given in the context of (|4.3ip supplemented by the 1 / i?^-boundedness of 
the second derivatives of g. Therefore it is sufRcient to consider only the first term 
of (|4.32p in the remaining proof of the l/i?-boundedness of [EA,g]ip- 

For Lu ~ denote the corresponding kernel by 

fco(z') -j z' (4.33) 

where Ci/R := V.gfl (x)/7r^ is bounded and independent of z'. The kernel feg defines 
a bounded operator according to Stein's theorem ^25^ §2.3.2], ^22j. Its requirements 
for the kernel (which should depend only on one variable) are 

(*) |fco(z')i < 4j 

(zz) |Vfco(z')l < ^ (4.34) 
{Hi) J fco(z') dz' ==0 for < i?i < i?2 < oo. 

B.i<z'<R2 

The conditions (i) and (iii) are obviously fulfilled, the latter since ko is an odd 
function. For the proof of (ii) we use that me^™^ j z'^ — m(z'e^™^ )/2 ^ "Si c/ z^. 

For the case w ^ we recall that proving (14.24|) is equivalent to showing 
that [EA,g] ip)\ < U\\ for V e L2{R^) ® [M P-260]. Thus we have 

to consider 

/ dx^(x) / dz' fco(z') e*"^' ^(x-t-z'). (4.35) 

Since (/? is a -function one has the Taylor formula which can be used to any 
order in the proof below. Its simplest form agrees with the mean value theorem, 

(p(x + z') = ^(x) + z' (V(p)(xH-Az') (4.36) 
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where A S (0, 1). 

Insertion of the second contribution in (14.36^ into (j4.35p leads to 

5o := - V cifc / dx^(x) / dz' '—J— z'^z'i e*"'^' (V(^),(x + Az'). (4.37) 



We estimate this integral in the following way (and subsequently apply the Schwarz 
inequality) , 

l^ol < E l^i'^l//^^^' (l^^WI ^) (l(V^)Kx + Az')| ^ j 



fej=i 



^^El^i^lf/ [ dz'^] (4.38) 



fcj=i 



I — 771 z! C 

/ dz'^^ / dx|(V^)Kx + Az')P 



In the second x-integral we make the variable transform y := x + Az' and have 
/r3 '^y l(^'(^)/(y)P ^ Co since the derivative Vtp is a Cg^-function too (and hence 
in L2)- Then both z'-integrals are equal and finite, which proves |S'o| < ^ 
For the first contribution in (|4.36p we have 

-J^cifc / dx^(x)^(x)/ dz'^4e-^'. (4.39) 

The second integral can be evaluated analytically. Using the symmetry of the 
integration intervals, one gets zero for fc = 3. For fc = 1, 2 we make the substitution 
^ := ujz' with (jj = \J ui\Ar and use spherical coordinates. Then (for fc = 1) 

r p-rnz' ^ poo !(: pir 

Si:= / dz'^^zie"^^ = / Tje-^W sin 9 (19 

JR3 2 Jo S, Jo 

27r 

dip C sin 9 cosip e'^'''''"^'^''°''^+^''"''^\ (4.40) 

Since — 1 < ti^fc < 1 , we introduce the angle a by means of sin a = loi/lo, cos a = 
u}2/uj such that the phase reduces to ^ sin0 sin{ip + a). Then we shift ip as well as 
the integration interval by —a and obtain [TUl p. 400, 401] 

/ cos(^e'«"'"^""('^+") = 2i / d^' (cos COS a + sin v?' sin a) 

Jo Jo 

•sin(^sin6isin(/5') = 27ri — Ji(^sin6l) (4.41) 

UJ 

where is a Bessel function of the first kind. 
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For k = 2 we have sin ip — sin(i^' — a) — sin ip' cos a — cos f' sin a in place 
of cos ip in ()4.4ip . The result is 27ri ^ Ji(^ sin 6'). Using symmetry, we get for the 
second angular integral in (|4.40p [TOl p. 740] 

r.7r/2 



Thus [ini p.711] 



2 sin2 e de Ji sin ^ \j J iO ■ 



(4.42) 



^fAU;-^) (4.43) 



3 Vm2 + ^^2'2'2 
which is finite for all a; 7^ 0. We note that for m — (or equivalenly, w — > 00) one 
gets directly [THl p.684] 



and hence ^^(rn = 0) = ir'^i ^ (which agrees with (jTIHl) at m = [IHl p. 1042]). 
Thus (|4.39p can be estimated by \\(p\\ which completes the proof. □ 

5. Proof of Theorem [T] (easy part) 

Let us denote with j — 1,2 the two electrons and with j ~ the nucleus 
which generates the electric field. We define the two-cluster decompositions of 

i^BR 

"-2 J 

/if^ - EA,tot + a, + r,, J = 0, 1,2, (5.1) 

where EA,tot = e'^^ + e'^^ is the kinetic energy operator and Uj collects the 
potential terms not involving particle j. These three decompositions represent 
the cases where either one electron has moved to infinity {j — 1,2) or where 
both electrons have moved far away from the nucleus {j — 0). Then the residual 
interaction (7-^) is expected to tend to zero. For example, for j — I, 

ai = C/fV(2)(C/f )-\ n = C/^'V«(C/«)-' + C/,i'^C/f ^^^'^C/^'^C/f )-i. 

(5.2) 

This allows us to define Eq by means of 

So := min inf a{EA,tot +%)• (5.3) 
j 

The proof of the HVZ theorem consists of two parts, conventionally called the 
'easy part', [So,oo) C (Jess{H^"^) = aessihf"), and the 'hard part', desaih^^) C 
[So, 00). Following Morozov and Vugalter [22] we shall work in coordinate space 
only. 

For the easy part we use the strategy of Weyl sequences [SJ [TS]. Let A G 
[So, 00). Without restriction we can assume that Sq = inf a{EA,tot +<ij) for j — 1. 
This relies on the symmetry of the operator under electron exchange, while for 
j = we have ao = U^^^U^^W^^^^U^^'^U'^^)-^ > in contrast to ai < such 
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that iid a{EA,tot + clq) > inf f(£'A, tot + oi)- Since EA,tot + ai does not contain 
any electron-electron interaction it can be written as a sum of operators acting on 
different particles. This leads to a decomposition of the spectrum, 

o{EA,tot + a^) - + a{Ef + U^^W^^\U^^^ y') . (5.4) 

The spectrum of e'^^^ is continuous and extends to infinity since the magnetic 
field does not affect the electronic motion along Bq (which is the es-direction). 
Therefore, cr{EA,tot + ai) is also continuous such that A G a{EA,tot + ai) with the 
decomposition A = Ai + A2 according to (|5.4p . 

Let {ipiP)neN be a Weyl sequence for Ai consisting of normalized functions 
with ifn"^ ^ and 

IK^;^^^ - Ai)(p(,i)|| ^ asn^cx). (5.5) 

According to Appendix B (Lemma[Hl which also holds for single-particle operators 

of the form E^^ +w^''^ ) we can in addition assume that (fi'h'^ G C^(R3\J5„(o))(g)C''. 

Let {(l)n^)nefi be a defining sequence for A2 with (j)n^ e C5"(]R'^) satisfying 

ll^i^^ll = 1 and ||(£;^^^-h;7^^V(2)([/^2V^ -A2)0n^ll -> as n ^ 00. This implies, 
for a given e > 0, the existence of A'' S N such that 

||(4^)+C/(V(^)(C/f)--A2)<^i^)|| < e. (5.6) 

We claim that a subsequence of the sequence {A'ipn)nefi with ipn ■— ^n^fj^^^ is 
a Weyl sequence for A obeying ||(/if^ — A)^'0n|| ^ for n —t oo such that 
A £ (Tess{h'2^). Disregarding for the moment the antisymmetrization, we estimate 

||(/if«-A)^«0^^|| < ||(i?^^tot + ai-A)^«0i^^|| + ||ri^W</)(^)||. (5.7) 
For the first term we have 

Ue'I' - Ai + Ef + C/(^)y(^)(C/(^))- - A2) ^i'^c^fW 
< ||0^)(4^^-AO^i^)|| + ll^«(4'^+C/^^V(^)(f/f )--A2)0(^)|| (5.8) 

< U^^^We + ||^W||e 
by assumption for n sufficiently large. 

We will now show that the remainder ri in (|5.7p is ^-bounded. This is equiv- 
alent to proving the following estimates, 

|(^,C/«yW(t/(^V^^n)l < ^llVi ll^nll 

|(V^,C/(%(%(-)(C/(%f )-V„)| < ^ ll^ll ||^„|| (5.9) 

for aU tp e (C^(M^) (g) C^)^, with c{Bo) some constant. Using that ipn^ is locaL 
ized outside the ball -B„(0) we define a smooth auxiliary function xi ^ C°°(1R"^) 
mapping to [0, 1], 

0, xi < Cn/2 



(t) - I ^lai, <-°) 
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and set C = 1. Then (piP — xiVn'' and we have 



+ i((c/o^'W, - m!,'Y\xi] (5.11) 



The first term is bounded by 2c/n since suppxi requires xi > n/2. According to 
the note below (j4.23|l the second term can be estimated by ^ ||^|| 



11^(2) 



For the two-particle potential we define Xi( ^^„^^ ) as in (|5.10p with C = i. 
Since ^j^'' g C^(M^) ® C** there exists an i?o > such that X2 < Ro on supp cf)'"^^ 
If one chooses n such that n > 2i?o, then |xi — X2I > — a;2 > ^ on swppipn 
Thus ipn^4>'-^ = xi fn^ (f'N^ ■ In decomposition 

Xi — X2 



|Xl — X2I I- 

+ (C/«)-M(C/rr',Xi]} '/'I'V^^)! (5.12) 

the operator in the first term is 1/n-boundcd since Xi 7^ only if |^^^^^| < 4/n. 

The operator containing [(^o^"*)""^; Xi] is 1/n-bounded according to the 

note below (|4.23p . For the last term we use a decomposition and subsequent esti- 
mate as indicated in (|B.4[) and (jB.sp . This proves the assertion (|5.9p and therefore, 

llriVnII < ^ llV'nII < e (5.13) 
n 

for n sufficiently large. Hence the sequence (V'n)nGN obeys ||(ft.^^ — A) < 2e. 

The consideration of the antisymmetry of the sequence as well as its normal- 
izability for sufficiently large n can be done in the same way as in the absence of a 
magnetic field T5]. Collecting results, this shows that a subsequence of (^V'n)neN 
is a Weyl sequence for A and verifies that A € (Tess(^f^). 

6. Proof of Theorem 1 (hard part) 



Let us introduce the Ruelle-Simon partition of unity {(f>j)j=o,i,2 € C°° 
subordinate to the two-cluster decompositions (|5.ip [T^ . It is defined on the 
unit sphere and has the following properties, 
2 

0^ = 1, 0i(Ax) = 0j (x) for X = 1 and A > 1, 

3=0 

supp(f)j n R^\Bi(0) C {x e M'^\Bi(0) : |xi - X2I > Cx and Xj > Cx}, j = 1,2, 
supp(/)o n M^\Bi(0) C {xeM^\-Bi(0) : Xk>Cx yke {1,2}}, (6.1) 
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where x = (xi,X2), x = |x| and C is a positive constant. The (IMS-type) 
locahzation formula for /i^^ is written in the following way 

2 2 

{u, hi" u) - ^(0^7/, /if « (f>,u) - Y.{c^,u, [hi'', 0,] u). (6.2) 

3=0 3=0 

For reasons which will become clear shortly we can assume that the support of u 
is outside the ball -B_r,(0). 

First we show that in this case the commutator in the last term of l|6.2p tends 
to zero as i? ^ oo. Explicitly, we have to prove 

2 

l5:(</>,u,[£;f ,0,].)| < ^hlp 

3=0 



c{Bo 
L 

|(0,z.,[C/Wc/f y(i^)({/«C/f)-\0,»| < 



|(0,.,[C/„«T/W(L/('=V\0.] u)\ < ^ \\ur (6.3) 

where c{Bo) is a generic constant depending on the magnetic field. Let us introduce 
the smooth function x G C"^ (K^) mapping to [0, 1] by means of 

where x = (xi,X2), x = \Jx\^ x\ and R > 2. Then x is unity on the support 
of u. The resulting property w = allows us to replace in (|6.2p the commutator 
form {(fijU, [O, (f)j] u) with {4>jU, [O, (t>jx\ w) where the (arbitrary) operator O can 
be identified with a constituent of hi". For the kinetic energy operator of particle 
1 (or for any single-particle operator O) one has the identity |9j 

2 

' u, [E')l\(f>jx]u) 



3=0 



2 ^ 

j=o 



dx / dx[ u{x.)E^2\^i^^'i) [('/'iX)(xi,X2) - {(l)jx){^)f u{x.[,X2). 

(6.5) 

From the mean value theorem we obtain 

|(0,X)(x'i,X2)- (0,X)(X1,X2)|' < |(xi -x'l) (Vx,<^,x)(l,X2)|' (6.6) 

with ^ on the hue between Xi and x'^. Since x is supported outside 5^^/2(0) 
with R/2 > 1 the function (f>j obeys the scaling property (/>j(x) = (j^ji-^) from 
the first line of l|6.ip on suppx- Furthermore, and x have a bounded deriva- 
tive since x' G C^(R^) and since € C°°(R^) is defined on the compact unit 
sphere, being homogeneous of degree zero outside the unit ball. Therefore we have 
|Vxi</'jX)(ex2)| <c/R. 
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With Lemma m for E"^^"* (xi, x'j^), the l/i?^-boundedness of the kernel of the 
operator in ()6.5p is estabhshed by the Schur test ()4.29p (using / = 1), 

nxi,x.) . l±f e-(— |x,-x;|^^ < 



2f^Jus ' |X1-X',|4 ' ^ ^' i?2 - i?2 ■ 

(6.7) 

This proves the first inequahty of (|6.3p . 

For the single-particle potential contribution to [hf^,(j>jx] we have 

-7c/r-[(f^r)"'>.x]«- (6.8) 

The -^-boundedness of these two terms is guaranteed by (|4.23p and the note below. 

The two-particle commutator can be treated in the same way, by using l|B.4p 
and (jB.5|) together with the note following ()4.23p . This establishes the remaining 
inequalities of (|6.3p . 

In a next step we employ Persson's theorem (see e.g. [51 Thm 3.12]) stating 

that 

inf (Te,5(/if^) = lim inf {u,h^^ u) (6.9) 

R^ao ll"ll=l 

if M e A{C^{M.^\Br{Q)) ® (C-*)2). The assumptions for Persson's theorem to 
hold are the relative form boundedness of the potential with respect to the kinetic 
energy operator (proven in Lemma[T]) and the existence of a Weyl sequence (u„)„gN 
to A e f7ess(/if ^) where m„ is supported outside the ball i?„(0). The proof of the 
latter item is given in Appendix B. 

Inserting with into (HH) we obtain 

{2 2 
y^(0-,u, {EA,tot + aj) (pju) + y^{(l)jU,rj <j)ju) 

(6.10) 

where — EA,tot + + was used. 

In the final step it remains to show that the second term in the curly brackets 
of (|6.10p also tends uniformly to zero as i? ^ oo. If this is true then, recalling the 
definition (|5.3p of Eq, one can estimate 

2 

\x\iaess{h2^) = lim inf 'S^{(\)jU,{EA,tot + a,j)'\>ju) 

R-^ca ||m||=1-^^ 
2 

> lim inf \^ Sq ((/ijit, 0jit) = (6-11) 

R^oo ll"ll = l^ 

which completes the proof of the hard part. 
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To provide the missing link let us start by taking j — I and consider the 
single-particle contribution to ri . 

If in the auxiliary function xi(xi/i?) from (I5.10|l one takes C equal to the 
constant from the partition of unity ()6.1|) and R > I then xi = 1 on the support 
of 4>iu (note that supp0i and suppu require xi > Cx and x > R, respectively). 

We decompose 

|(0iK,C/«l/W([/W)-ixi'/'i«)l < |((C/(i'Wi«, -xi(t/('Wi")l 

+ |((C/(^))-i</.iZi, ^ [{ul,'Y\xi] (6.12) 

Xi 

The first contribution can be estimated by ||0iu|p since suppxi requires 
xi > CR/2. The -i-boundedness of the second contribution follows from the note 
below 

For handling the two-particle contribution to ri we again introduce the func- 
tion xi((xi — X2)/i?) from (jS.lOp . its argument being now the difference between 
the single-particle coordinates. Again, xi = 1 on the support of 4>iu. With a (|6.12p - 
type decomposition (where C/q^^ is replaced by U^^U^'' and ^/xi by e^/|xi — X2I) 
it is easy to see that the first term is bounded by 2e^/{CR) \\(j>iu\\'^. The second 
contribution is given by 

((c/^V(^))-Vi-,^^{[(t/<i^^)-\xi](c/^^^)-^ 

Xi — X2 I- 



-{U^'Y'[iU^'^)-\xi]}M\. (6.13) 



The -^-boundedness of this contribution is established by the note following (|4.23p 
(with the help of (jB.4p - and (|B.5P -tvpe decompositions). 

The case j = 2 follows from the symmetry of /i^^ under particle exchange. 

For j = we have rg — Uq''^V''''\Uq''^)^^ and we introduce also here 



the function xi{^k/R) from (|5.10p . Since supp^o" C {x e : x > R, xi > 
CR, X2 > CR}, we have (j)ou = xi <t>QU for both values of k. The proof of the \/ R- 
boundedness of {(pou, vq 4>ou) is therefore the same as for the j — \ single-particle 
case. In conclusion, this shows that (|6.10p reduces to (|6.1ip which completes the 
proof. 

We remark that the present proof is valid for field strengths < Bq < 00 
and thus covers the case A = as well. 

Appendix A (Integral formulae) 
For convenience we cite some general formulae. We have [101 p. 340] 

dtr e-^'e-P" ^ 2 (^^' K,+,{2y%), /3, 7 > 0. (A.l) 
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Moreover [TUl p. 705], 

a > 0, a>0, ^>-l. (A.2) 
We also provide the asymptotic formulae for the modified Bessel functions 
m P-374], 

Kq(z) Inz, Ki(z) - i, KJz) - ^-^^ , ly > 0, for z ^ 

K^(z) - J— e"^ :/>0, forz^oo (A.3) 
y 2z 

and recall that = Ki^{z), as well as K^+i{z) — K^^i{z) + ^ Kiy{z). 

Appendix B (Existence of Weyl sequence outside balls) 

Lemma 6. Let — EA,tot + w, B a constant magnetic field, and let w be 
relatively form bounded with respect to EA,tot- If )^ & UessihE^) there exists a 
Weyl sequence (w„)„gN to A with the additional property it„ S ^(C^(R^\i3„(0))(8) 
(C^)^), where Bn{0) is a ball of radius n centered at the origin. 

The proof follows closely the one given in [5] and in [T3]. For A € (7ess(^^^) 
there exists a Weyl sequence V'n S A{C^{M.^) (g) C'*)^, ||?/;„|| = 1 with ^ 
and II (/i^^ — X)'ipn\\ ^ as n ^ oo. Thus for any e ^ > there exists some 
N{n) > n such that IK/if''^ - \)^N{n)\\ < £• 

In order to construct the Weyl sequence (u„)„gN, which consists of functions 
localized outside i3„(0), we define a smooth function xon € C^(R^) which is 
symmetric (with respect to the interchange of Xi and X2) and maps to [0, 1], 



Xo„(x) := xo (^) = I J; TCo" • (B-1) 



X > 2n 

Then we claim that a subsequence of (XriV" Af(ri))neN with Xn ■— ^ — Xon is the 
desired sequence (M„)„gN. 

In order to show that ||(/i;f^ — A) Xn'4'N(n)\\ — ^ as n — > 00, we decompose 

||(/lf«-A)x„V'iV(«)|| < ||Xn(/^f''-A)V^(n)|| + \\[hi'', xon] ^Nin)\\- (B.2) 

The first term goes to zero for n — > cx) by assumption since Xn is bounded. As 
regards the second term, the kinetic energy contribution || [E^\xon]'4'N(n)\\ ^ 
by Lemma [5] since xon as a C^-function has bounded derivatives. The 
coordinate of the second particle, Xj, (with k G {1, 2}\A:), in xon can be treated as 
a parameter. 

For the contribution from the single-particle potential we have 

(B.3) 
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Each of the two terms is ^-bounded according to (|4.23p and the note below. 

The commutator with the two-particle potential is written in the following 

way, 

|Xl — X2I V |Xl — X2I / 

|Xl — X2I |Xl — X2I 

(B.4) 

\ |Xi — X2I / |Xi — X2I 

All commutators (including the factor |^^^^^| ) are ^-bounded by Corollary [T] to 
Lemma H] and by the note following ()4.23p . The boundedness of the factors in 
round brackets follows from the decomposition 

^^(C/^^))-Mxi-X2| = (C/^^))-i + [{U^'^)-\ |xi-X2|] (B.5) 

|Xl — X2I |Xl — X2I 

where |xi — X2I satisfies the requirements of Corollary [T] for the function g. 

It remains to prove that XnipN{n) is normalizablc for sufficiently large n. To 
this aim we show that ||xon^A''(n) II ^ for n ^ 00. Then ||xn^/'Ar(„) || 
= \\4'N(n) — XonV'Af(ii)ll ~^ 1 siucc ||'07v(n)|| = 1 for all 71. Duc to the semibound- 
edness of /if ^ there exists /i > such that /if ^ + ^ has a bounded inverse. We 
estimate 

IIXOnV'N(„)ll = WXOnihi'^+fiy'lihi^-X) + ifi + \)]^Nin)\\ 

< \\XOn{hi'''+fi)-'\\ \\{hr'-X)ijNin)\\ + \f^ + M\\XOn{hr' + t^r'^N(n)\\- 

(B.6) 

The first summand is bounded by e times a constant by assumption. The second 
term tends to zero provided we can show that Xon(/if^ + IJ.)~^ is a compact 
operator which turns the weakly convergent sequence {4'N{n))ni£N into a strongly 
convergent one. Consider the decomposition 



XOn (/if ^ + Ai) ^ tpN{n) = {xOni^S 



A 

k=l 



2 



\k=l 



[iEA,tot + f^)Hhi'' + (/if « + m)"^w(„). 



(B.7) 

From the diamagnetic inequality-based relation (|2.2p it immediately follows that 
(for fixed n) the operator in curly brackets is compact since Xoni,J2k=i(Pk + 
777,2)^-1/4 compact. 
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For the boundedness of the operator in square brackets we invoke an estimate 
proven by Bahnsky, Evans and Lewis [1] for the Pauh operator (i.e. for the case 
771 = in the lemma befow). 

i_ 

Lemma 7. For a single particle let Sa = [(p — eA)^ + m^] ^ and Ea from ^-4^ 
with A G L2^ioc{^^)- Then the following estimate holds. 



El > 5l{B) S\ 



where 



iJnf^ \\il-S*„,S„^)f\\ > withS„ 



(B.J 



{eB)^{E\ + eB)-^ (B.9) 



and f e L2(M'^)® 
We note that 

S,-nS;^ ^ eB^ (El + eB)-^ < eB^ {m^ + eB)-^ B^ < 1 (B.IO) 

(and hence also S^Sm < 1) since for m 7^ zero modes are absent irrespective 
of B. Therefore for all / with ||/|| = 1 one has 1 > (/,S'mS'™/) = \\S;j\\^ and 
hence 1 > supj HiSj^/H = ||'5'^||- Thus the proof of the lemma can be copied 
from [5. For a constant magnetic field Bg, S*^Sm < nJ^eBo • "^^^^ leads to 

6m[Bn) ^ — /" D . 

The required boundedness of the operator in (|B.7|) is based on the existence 
of a constant c such that for </? e A{L2{M.^) «) C^)^, 

2 1 2 



(fc)2 
A 



< 



Y.s^^niEA^tot+i^r^v 



\k=l 



(BAD 



Defining ip {EA.tot + '^'P this is equivalent to proving (for /i > 0) 



{•f>,^sy (p) < {(p,{EAAot + ij) 'f), 



(B.12) 



fc=i 



which is assured by Lemma [7] with — g—jg^- 

The boundedness of the next term in (|B.7p makes use of the relative form 
boundedness of the potential (|2.6p . Defining 0„ := (/i^^ + m)^^^" with -!/;„ := 
{h2^ + IJ,)~^ 4'N(n)^ we have to show 

\\{EA,tot+liY^{h^"'+llT'^ ^^nf = {(f>nAEA,tot+l^) M < (0„ , (/if « + . 

(B.13) 

Using (|2.6p the r.h.s. of (|B.13p can be estimated, 

(0„, (/if-'^ + /i) 0„) > {(f)nAEA.tot + ti) (t>7i) - \{(f)n,W(l)n)\ 
> (l-Co)(0„,(-E'A,tot+M)<An) - Ci{Bo) \\4> 

) (B.14) 
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with Co := 77r/2 + e^7r/4 < 1. If is chosen larger than Ci{Bo)/cq then the 
terms proportional to ||(/)n|P can be dropped, such that the second line of (|B.14p 
is > ^ (0n, (EAAot + fJ^) 0ri) with := j-^. This proves (IB.lSp . 

To complete the proof of the compactness of xon(/i^^ + we keep n fixed. 
From the discussion above there exists to the given e = 1/n an N(n) > n such 

2 

that ||xon(X] S'^^^)^^/^ ■ i3V'Af(n)|| < £• S comprises the bounded operators in 
fc=i 

(jB.7p to the right of the one in curly brackets, and N{n) has to be chosen large 
enough to satisfy the previous condition — A)'0Ar(„)|| < e as well. This 

proves ||xon''/'Ar(ra) II ^ ce + 1/1 + A| e and hence the normalizability of the Weyl 
sequence under consideration. 



Appendix C (Estimate for the kernel of Ae) 
For V^Ae we use the representation 

I _ ^-t{EA+in) 



Ea + m 



= lim 



(C.l) 



Ea t^O ty/EAy/EA+m 

With the integral formula (|4.3p for each of the factors in the denominator we 
obtain, using the Taylor formula to first order. 



Ea + m 



Ea 



hml fi^f^e— |e-(- 



-t')EA 



dt' 



dT 



Vt' Jo \dT 



-ir+t')EA 



(C.2) 



As a next step we estimate the kernel of e '^-^ and its derivative. Using the integral 



representation ()4.10p and estimating the kernel of 



-tEi 



with the help of (l3TT|) 



leads to 



1 r°° 

-^(x,x')| rdre'^ 



1 + eSn 



2t 



From (jA.ip one obtains, abbreviating ^ := -^/i^ + (x — x')^, 

|e-*^-(x,x')| < K^(rni) + eBo-^K^i) 

For the derivative we have with q := <^/(4t), 

'3-^^^(x,x') 



dt 



1 f° 
-*^-(x,x') ^ -j= / 
Jo 



dT 



dg 



t 

2^' 



(C.3) 
(C.4) 

(C.5) 



With the help of ()4.5p and its estimate ()4.6p one obtains 



— e 



(x,x') 



< 



dT e-" 



-m^t^/4r -(x-x')^r/t^ 
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6t t 4t t 

— + 5eBo + m^ + 2eBo(x - x')'^ + (x - x')'— + {eBom^ + Ze^B^) — 



which, using the integral formula (jA.l[) . reduces to 



(C.6) 



— e 
dt 



m 



-tEA 



(x,x') 



< ^ <{ [3 + eSo(x - x')'] ^ if2(K) + (5eBo 



) — ifi(mC) + — ^(x-x')" K^imi) + ( 



Insertion of (|C.4p and (|C.7|) into (|C.2p with t := t + 1' results in 

1 Z""" dr 



(C.7) 



-Ea + m 
Ea 



(x,x') 



< 



+( 



2^2 
eB^m? 



2e 

-.2 



77? 

^ if2(™e) + (5ei3o + m') ^ Ki{mO + ^ ^ ^3(™0 (C.8) 



^ K2{mC) + eBo 



Now wc follow the strategy given below ()4.15p . i.e. we estimate e < 1 
and ^-"K^im^) < y-^K^imy) with y + 1'2 + (x - x')^ in jCSI. Then 

the double integral can be performed analytically by (|A.2p . The result is 



Ea + m 
Ea 



(x,x') 



JC3/2(m|x-X^|) /|l/2 / I n 

< Co 1^_^,|3/3 h ci(Bo) |x-x I / K3/2{m\^-^\ 



, Js:i/2(m|x-x'|) fr5/2(m|x-x'|) 

+ |x-x'|V2 + |x-x'|i/2 

+ C4(i?o)|x - xf /2ifi/2(m|x - x'l) + 2c5 -^i("^l^~ ^'l) + 2c6(i?o)ifo(m|x 

|X X I 

From (|C.9|1 follows the estimate 

-(m — e)|x— x'l 



Ea +m 
2Ea 



x,x') 



c{Bo) 



-x'lj. 
(C.9) 

(C.IO) 



for e e (0, m). 

We note that by (|C.4p this proof provides an estimate for the heat kernel 
e~*'^^(x,x') of the Brown-Ravenhall operator for a free electron in a constant 
magnetic field. 
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Appendix D (Erratum to Reference 14) 

We collect the changes due to the replacement of [ip, (p — eA)^ i^) > {(fjp^ip) 
(which is not generally valid) by (|2.2p . We emphasize that this only affects the 
proofs, but not the results of [H] , 

Eqs. (3.1), (3.2) should be deleted. Instead, one has 



Il-Vll' < 4 ||v/(p-eA)2 + m2 cpf, 

X 

(¥',-¥') < 5 (<P, v/(p-eA)2 + m2 (^), (3.1) 
X 2 

valid for to > 0. 

Eq. (3.3) should be replaced by the two separate estimates. 



tr 





ecrB 


d p 


^e|B|\ 














JR3 





dx, 



tr [^(p-eA)2 + e(TB]l < 2/Ld3 / ( ' dx. (3.3) 

' Jr=^\ ^J■ J 

The paragraph on p. 7512 starting with 'The strategy should be replaced by: 

The strategy to show the compactness of K is to start with the operator Ko :— 
XoiP^ + TO^)~2 which is compact as a product of bounded functions /(x), g(p), 
each of which tending to zero as x, respectively p, go to infinity (see, e.g., [31, 
Lemma 7.10]). Then Ki := Xo[(p — eA)^ + m'^]~2 is also compact O p. 117]. In 
the following, bounded operators Oi , O2 are constructed such that Ki -01-02 = K. 

Let Oi := \/{p — eA)2 + m? /Ea- For showing the boundcdness of Oi let 
ip := E^^ip. Then from (4.6), 

\\OM? = (^,((p-eA)2+TO2)V) < (^,(£;l + e|B|)V') 

<^NP + ^P/inMP, (5.14) 

the rhs being obviously bounded. With O2 '-— EaAa.+ {Ho + IJ.)~^ < 1 (as shown 
above), we have proven the compactness of K. 
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